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Spontaneous scalarization is a mechanism that endows relativistic stars and black holes with a nontrivial
configuration only when their spacetime curvature exceeds some threshold. The standard way to trigger
spontaneous scalarization is via a tachyonic instability at the linear level, which is eventually quenched due
to the effect of nonlinear terms. In this paper, we identify all of the terms in the Horndeski action that
contribute to the (effective) mass term in the linearized equations and, hence, can cause or contribute to the
tachyonic instability that triggers scalarization.
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I. INTRODUCTION
Gravitational waves astronomy now provides a way to
directly observe the strong-gravity corner of general
relativity (GR). The principal source of gravitational waves
observable by current detectors is compact binaries. Known
detections include ten black hole binary mergers and one
merger where at least one of the two objects was a neutron
star [1]. Moreover, the number of these observations will
increase in the future, making it possible to constrain
properties of black holes and neutron stars to unprec-
edented levels. While in GR compact objects are fairly well
understood, this does not necessarily apply to modified
theories of gravity. For example, there is less than a handful
of examples for binary merger simulations for non-GR
black holes [2–4], and one needs concrete predictions to
optimize constraints for any given theory.
A key question for black holes and neutron stars in
modified theories of gravity is whether they carry some
characteristics which make them distinguishable from their
GR counterparts. For black holes, such characteristics are
generally known as hair. Significant effort has been put into
proving no-hair theorems and finding possible evasions, as
a way to identify theories that can exhibit interesting
strong-field phenomenology. For example well-known
no-hair theorems have been proven for scalar field non-
minimally coupled to gravity under certain assumptions
[5–9]. For shift-symmetric scalars (i.e., scalars that are
protected from acquiring a mass from quantum corrections)
it turns out that there is a unique nonminimal coupling term
between the scalar and curvature that can lead to scalar hair
[10,11]. If one relaxes the assumption of shift symmetry
though, no-hair theorems currently cover a limited subclass
of theories, know as scalar-tensor theories (see [12] for a
review).
Interestingly, this is precisely the class of theories on
which attention has been focused on the neutron star front.
This is largely due to a specific model within that class
introduced by Damour and Esposito-Fare`se (DEF) in [13].
The model exhibits a phenomenon dubbed spontaneous
scalarization: a linear tachyonic instability around a neutron
star configuration that is a solution of GR (induced by
the nonminimal coupling between a scalar field and the
metric) can trigger the growth of the scalar field [14]. The
instability is eventually quenched at nonlinear level and
the end point is a neutron star “dressed” with a scalar
configuration. The interesting part is that with a mild tuning
of the parameters, one can set the threshold of this phase
transition at typical densities of neutron stars. Thus, one can
avoid scalarization in the Solar System, thereby evading
weak-field constraints, while still having significant effects
for neutron stars. In fact, current constraints from binary
pulsars almost rule out the original model because the
deviation from GR would have already been observed [15].
However, one can circumvent such constraints by adding a
small mass to the scalar [16]. A massive scalar can also
resolve the tension between spontaneous scalarization and
cosmological evolution [17], avoiding initial data tuning
[18–20].
As already mentioned, the DEF model (with or without a
mass) is covered by a no-hair theorem [7], and hence it does
not lead to black hole scalarization (see however [21–23]).
It has been shown recently, though, that a different type of
coupling between a scalar and curvature can lead to
spontaneous scalarization for both neutron stars and black
holes [9,24]. Similarly to the DEF model, scalarization is
triggered by a tachyonic instability and, as the scalar field
grows, nonlinear terms eventually take over and quench the
instability, thereby determining the properties of the final
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configuration [25,26]. These new models of scalarization
are receiving a lot of attention lately (see e.g., [9,24–30]).
This is justified because spontaneous scalarization is
currently the only known mechanism that could make
fields that remain dormant at small curvatures appear in
strong curvatures. As such, it is the most promising
effective description for elusive new physics that could
first make its appearance in gravitational waves observa-
tions. Indeed, it has been argued that if a scalar that
undergoes such a phase transition is coupled to matter
appropriately, then it could change the properties of the
standard model within compact stars [31,32]. Moreover, the
mechanism of spontaneous scalarization can straightfor-
wardly be extended to other fields [33–37] or other
couplings [38].
The new models of scalarization have clearly demon-
strated that the DEF model is not unique in this respect.
This suggests that there might be more, yet to be discov-
ered, theories that exhibit spontaneous scalarization. Here
we address this question for a scalar field that belongs to the
Horndeski class. Horndeski gravity is the most general
action one can write with a metric and a scalar field that
leads to second order equations of motion upon direct
variation [39,40]. Initially, Horndeski gravity (or its sub-
classes) gained a lot of interest as models of dark energy
[41–51]. However, the measurement of the speed of
gravitational waves provided by the multimessenger neu-
tron star binary merger has put severe constraints on such
models [52–57]. It should be stressed that these constraints
rely crucially on the assumption that the scalar is cosmo-
logically dominant and drives the cosmic expansion.
Horndeski gravity is still viable and relevant for the
description of compact objects if one assumes the scalar
field to be subdominant in the cosmological evolution of
the Universe [58].
We restrict our attention to the onset of scalarization and
in particular to the conditions for scalarization to be
triggered by a tachyonic instability. As discussed already
above, even though nonlinearities are essential for deter-
mining the fate of the instability and pinning down the end
state [25,26], the onset of the instability can be captured in
the linear regime already. This implies that one can obtain
necessary conditions for spontaneous scalarization simply
by inspecting the linearized field equations and the con-
tributions to the effective mass term for the perturbation of
the scalar.
Hence, in this paper we proceed as follows. In Sec. II we
give a brief overview of Horndeski theory, and we identify
the condition that the free functions of the theory should
satisfy to have GR solutions admissible in general. Then,
we linearize the scalar field equation and we identify two
different effective mass contributions for a scalar perturba-
tion. In Sec. III we identify the minimal actions which
contribute to each separate contribution to the mass term at
linearized level. We then demonstrate that the two
seemingly distinct contributions come from actions that
are related by field redefinitions. We analyze each term in
the minimal actions and we show how it relates to known
scalarization models. Finally, Sec. IV contains a discussion
of our results.
II. HORNDESKI GRAVITY
A. The theory
Horndeski theory is the most general action involving a
scalar field that leads to second order field equations upon
variation [39]. The theory was rediscovered independently
in the context of Galileons [40]. The action of the theory
can be written as [59]
S ¼ 1
2κ
X5
i¼2
Z
d4x
ﬃﬃﬃﬃﬃﬃ
−g
p
Li þ SM; ð1Þ
where we have defined
L2 ¼ G2ðϕ; XÞ; ð2Þ
L3 ¼ − G3ðϕ; XÞ□ϕ; ð3Þ
L4 ¼ G4ðϕ; XÞRþG4X½ð□ϕÞ2 − ð∇μ∇νϕÞ2; ð4Þ
L5 ¼ G5ðϕ; XÞGμν∇μ∇νϕ
−
G5X
6
½ð□ϕÞ3 − 3□ϕð∇μ∇νϕÞ2 þ 2ð∇μ∇νϕÞ3; ð5Þ
and X ¼ −∇μϕ∇μϕ=2, ð∇μ∇νϕÞ2 ¼ ∇μ∇νϕ∇μ∇νϕ,
ð∇μ∇νϕÞ3 ¼ ∇μ∇νϕ∇ν∇λϕ∇λ∇μϕ and GiX ¼ ∂Gi=∂X.
We have also defined κ ¼ 8πG=c4 and SM is the matter
action. Matter is assumed to couple minimally to the metric
only and this means we are working in the so-called
Jordan frame.
Varying the action with respect to the metric gμν and the
scalar field ϕ yields respectively
X5
i¼2
Giμν ¼ κTμν; ð6Þ
X5
i¼2
ðPiϕ −∇μJiνÞ ¼ 0; ð7Þ
where Tμν is the matter stress-energy tensor. See
Appendix A for the definition of Giμν, Piϕ and J
i
ν and for
the explicit form of Eq. (7).
B. GR as a solution of Horndeski gravity
We are interested in theories in which the scalar exhibits
a tachyonic instability around solutions of GR. Hence we
need to impose that the theory actually admits as a solution
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any spacetime of GR with ϕ ¼ ϕ0 ¼ const. This requires
imposing certain conditions on the Gi functions. These
conditions have been fully worked out for shift symmetric
classes [60] but not for theories that do not respect shift
symmetry (and hence, can have a bare or effective mass).
The obvious thing one can do to do away with theories
that do not admit solutions ϕ ¼ ϕ0 ¼ const, or X ¼ 0, is to
require that the Gi functions be analytic around X ¼ 0.
In this case one can expand them in a power series in terms
of X,
Gi ¼ gi0ðϕÞ þ gi1ðϕÞX þ…: ð8Þ
However, imposing analyticity for the Gi function is too
restrictive, as we already know of a class of theories that
can admit solutions with ϕ ¼ ϕ0 and have nonanalytic Gi
functions at X ¼ 0.1 The action of scalar Gauss-Bonnet
(sGB) gravity contains a term of the form ξðϕÞG, where
ξðϕÞ is a generic function of ϕ and G ¼ R2 − 4RμνRμν þ
RμνρσRμνρσ is the GB invariant. One can retrieve this
nonminimal coupling contribution from the action (1),
with the following choice of the free functions [59],
GGB2 ¼ 8ξð4ÞX2ð3 − lnXÞ;
GGB3 ¼ 4ξð3ÞXð7 − 3 lnXÞ;
GGB4 ¼ 4ξð2ÞXð2 − lnXÞ;
GGB5 ¼ −4ξð1Þ lnX; ð9Þ
where ξðnÞ ≡ ∂nξ=∂ϕn. In the Horndeski representation the
Gi functions are nonanalytic in X but there is an analytic
representation of the action and the equations are analytic at
X ¼ 0. We stress that the case where ξ ¼ ϕ and all the other
free functions are shift symmetric is special, as Minkowski
space is the only admissible GR solution [60].
sGB gravity is already known to exhibit spontaneous
scalarization [9,24]; hence, we should certainly relax our
analyticity assumption on the Gi functions in order to
accommodate it. To this end, we rewrite the Gi functions as
a sum of an explicitly analytic part, which we label as G˜i,
and a nonanalytic part, coming from Eq. (9). Explicitly we
have
Giðϕ; XÞ ¼ G˜iðϕ; XÞ þGGBi ðϕ; XÞ; ð10Þ
G˜iðϕ; XÞ ¼ gi0ðϕÞ þ gi1ðϕÞX þ… ð11Þ
where in Eq. (11) we expanded G˜i as in Eq. (8).
The results and classification of Ref. [60] for shift-
symmetric theories suggest thatGi that contain
ﬃﬃﬃﬃﬃﬃjXjp might
be another form of mild nonanalyticity that is compatible
with GR solutions. However, we do not explore this
possibility further. Moreover, in principle, there could be
another type of nonshift-symmetric theories described by
nonanalytic Gi functions that admit all of the solutions of
GR. This deserves further investigation, but we do not
pursue it in this paper.
Once one has imposed the above conditions on the Gi
functions, the terms −g30ðϕÞ□ϕ and g21ðϕÞX appear
in the action and they coincide up to total derivative.
Thus, without loss of generality we can set g30ðϕÞ ¼ 0,
which is equivalent to the redefinition g21ðϕÞ → g21ðϕÞ þ
2g30ϕðϕÞ. Moreover, at the level of the linearized equa-
tions, which is our interest here, the terms g41ðϕÞ and
−g50ϕðϕÞ give the same contribution. Hence, we similarly
redefine g41ðϕÞ → g41ðϕÞ þ g50ϕðϕÞ.
Let us now look explicitly at the equations of motion.
The metric satisfies Einstein equations (6), which for any
constant scalar field ϕ ¼ ϕ0 read
Rμν −
1
2
gμνRþ Λgμν ¼ κ˜Tμν; ð12Þ
where
Λ ¼ −g020=2g040; κ˜ ¼ κ=g040; ð13Þ
provided that g040 ≠ 0. The superscript 0 in g020, g040, etc.,
means that the function is evaluated at ϕ ¼ ϕ0. The
equations above imply clearly that the metric is a solution
of GR Einstein equations and that all solutions of Einstein’s
equation are admissible.
Let us now take the scalar field equation (7), with the
choice of functions of Eq. (10). We keep only the terms
which contain up to one derivative operator (which, as we
see, can be only a second order operator) acting on ϕ. With
this choice we capture all the terms that contribute to the
linearization of the equation around the constant value ϕ0
made in the next paragraph. We stress that first order
derivatives do not contribute to the linearized equations.
Indeed, these terms appear at least in the form ∇ϕ∇ϕ,
which, upon linearization, vanishes when the background
field is constant. With this prescription, the scalar field
equation takes the form
g˜μν∇μ∇νϕþ g20ϕ þ g40ϕRþ ξ
ð1ÞG
AðϕÞ ¼ 0; ð14Þ
where
AðϕÞ ¼ g21 þ g41R; ð15Þ
and the effective metric reads2
1Another possibility is to extrapolate theories within Hornde-
ski which admit GR as a solution only at leading order [61].
However this goes beyond the scope of this paper.
2Note that the effective metric (16) must have a Lorentzian
signature in order for the linearized equation to be hyperbolic and
hence describe the time evolution of the system. This imposes
some further conditions on g21 and g41. In this paper, we
implicitly assume that such conditions are satisfied.
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g˜μν ¼ gμν − 2g41R
μν
AðϕÞ : ð16Þ
We now impose that ϕ ¼ ϕ0 is a solution of Eq. (14).
There are two distinct cases for which this happens,
case I∶ g020ϕ þ g040ϕRþ ξð1Þ0 G ¼ 0;
A0 finite; ð17Þ
case II∶ g020ϕ þ g040ϕRþ ξð1Þ0 G ≠ 0;
A0 → ∞; ð18Þ
where
A0 ≡ Aðϕ0Þ ¼ g021 þ g041R: ð19Þ
Case II is rather interesting, as it provides a way to have
a GR solution even when the term g20ϕ þ g40ϕRþ ξð1ÞG
does not depend on ϕ at all (or equivalently when
g020ϕϕ ¼ g040ϕϕ ¼ ξð2Þ0 ¼ 0) and would otherwise act as a
source term for the scalar field. For example, as we see in
more detail below, standard scalar-tensor theories belong to
case II, as they correspond to g40 ¼ ϕ, g41 ¼ 0. They admit
GR solutions only when g21ðϕÞ ¼ 2ωðϕÞ=ϕ → ∞ for
ϕ → ϕ0. Another interesting term in this context is that
with ξ ¼ ϕ. As already mentioned, this choice leads to the
ϕG term, which is shift symmetric, and the GB invariant
would appear in the scalar field equation as a pure source
for the scalar field. Thus, only theories that satisfy con-
dition (18) can afford to include this term and still admit GR
solution. This possibility is absent in shift-symmetric
theories [60].
Note that an analysis similar to the one presented here
has been conducted in Ref. [62] for multiscalar-tensor
theories, but with more restrictive assumptions that appear
to exclude case II.
C. Linearized scalar field equations
Linearizing Eq. (7) divided by AðϕÞ [or equivalently
Eq. (14)] for small δϕ ¼ ϕ − ϕ0 yields
g˜μν∇μ∇νδϕ −m2I δϕ −m2IIδϕ ¼ 0; ð20Þ
where
m2I ¼ −
g020ϕϕ þ g040ϕϕRþ ξð2Þ0 G
A0
; ð21Þ
m2II ¼
g020ϕ þ g040ϕRþ ξð1Þ0 G
A20
∂A
∂ϕ

ϕ0
ð22Þ
are the effective masses obtained in the two separate cases.
We notice that the two cases give mutually exclusive
contributions to the mass. Indeed, if relation (17) holds,
then mII ¼ 0; and when the condition (18) holds, mI
vanishes. Note that in the latter case, A0 → ∞ and having
a nonzero effective mass mII requires that ∂A∂ϕ jϕ0 → ∞ is
such that
1
A20
∂A
∂ϕ

ϕ0
≠ 0 and finite: ð23Þ
Hence, around ϕ ¼ ϕ0 it must be AðϕÞ ∼ ðϕ − ϕ0Þ−1.
We can now single out the theories which can exhibit a
tachyonic instability around a GR background. They either
satisfy condition (17) and have m2I < 0 or they satisfy
condition (18) and have m2II < 0. We stress that our
perturbative analysis is done around a GR background
and we perturb only the scalar without taking into account
its backreaction to the metric. This approximation (decou-
pling) offers drastic simplification. Though doing a full
analysis of perturbation that includes the metric might be
necessary for quantitive estimates of the thresholds asso-
ciated with the tachyonic instability, we consider our
approximation to be adequate for the more qualitative task
of identifying theories that exhibit the instability.
III. THEORIES WITH TACHYONIC
INSTABILITY
A. The minimal actions
We now analyze what the theories are that belong in one
of the categories we identified above. At first, we write
down for each case the minimal action that consists of all
the terms that contribute to the linearized equation and
admit GR solutions when ϕ ¼ ϕ0. Let us redefine the scalar
field such that ϕ0 ¼ 0. The minimal action for case I is
SI ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃ−gp
2κ

R − 2Λþ ða21 þ a41RÞX
þm
2
ϕϕ
2 þ αϕ2Rþ βϕ2G
2

þ SM; ð24Þ
whereas for case II we have
SII ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃ−gp
2κ

R − 2Λþ b21 þ b41R
ϕ
X
þ τϕþ ηϕRþ λϕG

þ SM: ð25Þ
We normalized the actions (24) and (25) by the constant
multiplying R, which is equivalent to setting g040 ¼ 1.
Moreover, we can identify the constants written in the
actions (24) and (25) in terms of the function gij evaluated
at ϕ ¼ 0,
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Λ ¼ − g
0
20
2
; τ ¼ g020ϕ; m2ϕ ¼ g020ϕϕ;
a21 ¼ ðϕg21Þ0ϕ; b21 ¼ ðϕ2g21Þ0ϕ;
η ¼ g040ϕ; α ¼ g040ϕϕ;
a41 ¼ ðϕg41Þ0ϕ; b41 ¼ ðϕ2g41Þ0ϕ;
λ ¼ ξð1Þ0 ; β ¼ ξð2Þ0 : ð26Þ
The actions above could be supplemented with any term
that does not contribute to the linearized equations without
affecting the onset of the tachyonic instability. However,
such nonlinear terms are crucial for determining the end
state of the instability and the properties of scalarized
solutions [25,26]. Hence, one can start from the minimal
models above and bootstrap their way to theories that
exhibit scalarization bur differ quantitatively thanks to
terms that introduce different nonlinear corrections.
B. Equivalence between case I and case II
So far we have treated case I and case II separately
because they lead to distinct contributions to the effective
mass and, naively, they appear to be qualitatively different.
Actually, they are equivalent as different representations of
the same physics. Indeed, one can start from action (25),
perform the scalar field redefinition
ϕ → ϕ2; ð27Þ
and obtain action (24) with the correspondence of param-
eters
a21 ¼ b21; a41 ¼ b41;
m2ϕ ¼ 2τ; α ¼ 2η; β ¼ 2λ: ð28Þ
Hence, any theory in the minimal action of case II can be
mapped onto an equivalent case I theory, at least in what
regards their linear behavior and the onset of the tachyonic
instability.
This observation simplifies our analysis and reduces
significantly the different scenarios of scalarization.
C. Models of scalarization
Having shown that the two cases are equivalent, we now
focus on the action outlined in Eq. (24) and consider each
term that contributes to the mass separately. This helps us
identify its relation with known models of scalarization.
The term that contains X in the action (24) contributes to
the effective mass only as a multiplicative constant on a GR
background. a21 can be set to 1 through a constant rescaling
of the scalar and we do so implicitly in what follows. The
a41 is rather distinct from the rest so, for the time being, let
us set a41 ¼ 0 and reduce the X-dependent term to the
canonical kinetic term. We relax this assumption in the next
section.
The first term that contributes to the effective mass is the
bare mass of the scalar field m2ϕ. If the mass square is
negative, it could lead to a tachyonic instability that would
persist in flat space. So, we disregard this possibility. If it is
positive, it needs to be sufficiently small not to prohibit the
other terms from inducing a tachyonic instability. A small
bare mass can actually be beneficial, as it can help suppress
the non-GR effects away from the compact object. One can
generalize the bare mass term to a full-fledged potential and
this would introduce nonlinearities that could affect the end
point of scalarization [26]. However, it is rather clear that a
bare mass term or a potential cannot lead to scalarization.
Next we consider the coupling term between ϕ and the
GB invariant. For the choice mϕ ¼ α ¼ 0 (and a21 ¼ 1,
a41 ¼ 0) one has the action
S ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃ−gp
2κ

R −
1
2
∇μϕ∇μϕþ βϕ2G

þ SM: ð29Þ
This is the quadratic coupling scalarization model consid-
ered in Ref. [9]. Allowing for a more general coupling
function one gets the action considered in Refs. [9,24],
S ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃ−gp
2κ

R −
1
2
∇μϕ∇μϕþ ξðϕÞG

þ SM; ð30Þ
where, from the condition (17) one can infer that
ξϕð0Þ ¼ 0. This condition guarantees that the leading term
in ξðϕÞ is indeed ϕ2.
Finally, if we set mϕ ¼ β ¼ 0, we have
S ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃ−gp
2κ

1þ αϕ
2
2

R −
1
2
∇μϕ∇μϕ

þ SM: ð31Þ
We can generalize this theory in a similar fashion as above
and write
S ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃ−gp
2κ

fðϕÞR − 1
2
∇μϕ∇μϕ

þ SM; ð32Þ
where we assume fð0Þ ≠ 0. The condition (17) implies
fϕð0Þ ¼ 0, and fϕϕð0Þ < 0 is the requirement for a
tachyonic instability of the theory.
One may be tempted to think that this is a new model.
However, we recall that we can always perform a redefi-
nition of the scalar field, as we did to relate the minimal
actions of case I and case II. Indeed, consider the
redefinition
Φ ¼ fðϕÞ: ð33Þ
Action (32) can be rewritten as
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S ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃ−gp
2κ

ΦR −
ωðΦÞ
Φ
∇μΦ∇μΦ

þ SM; ð34Þ
if we just introduce the definition
ωðΦÞ≡ Φ
2f02ðϕÞ : ð35Þ
Action (34) is that of scalar-tensor theories written in the
so-called Jordan frame (see e.g., [12]). The condition
fϕð0Þ ¼ 0 translates into ωðΦ0Þ → ∞, where Φ0 ¼ fð0Þ.
This picks a specific subclass of scalar-tensor theories,
which is precisely that originally considered by DEF [13].3
Indeed, the minimal model in action (31) corresponds to
fðϕÞ ¼ 1þ αϕ2=2 and hence Φ ¼ 1þ αϕ2=2,
ωðΦÞ ¼ Φ
4αðΦ − 1Þ ¼
1
4α
þ 1
4αðΦ − 1Þ ; ð36Þ
and Φ0 ¼ 1. One can easily verify that the most commonly
studied DEF model corresponds in the Jordan frame to
ωDEFðΦÞ ¼ −
3
2
−
1
2βDEF logΦ
; ð37Þ
where we have used the subscript DEF to distinguish the
commonly used β parameter from our notation above. As
Φ → Φ0 ¼ 1 one has
ωDEFðΦÞ →
1
2βDEFðΦ − 1Þ
; ð38Þ
which is precisely the same behavior as our minimal model
up to a redefinition of constants. The two models are
indistinguishable at the linear level.
We close this section with a few remarks. First, the scalar
field redefinition that related the fðϕÞR model with the
DEF class was basically mapping a case I theory onto a
case II theory. Indeed, one can straightforwardly identify
the DEF class as a subcase of the action (25), with the
constant coefficients generalized to functions of ϕ.
Secondly, these results clearly show that some models that
might appear as new are simply combinations of known
models rewritten after a scalar field redefinition. For
instance, the action
S ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃ−gp
2κ

ϕRþ 2ωðϕÞ
ϕ
X þ ηϕG

þ SM; ð39Þ
with the condition ωðϕ0Þ → ∞ for some ϕ0 would yield a
seemingly intriguing case II model upon linearization, but
it can straightforwardly be mapped onto a combination of
actions (30) and (32).
D. Disformal transformations and matter coupling
Throughout the paper we have assumed that the matter
couples minimally to the metric only. Moreover, in the
previous section we had set the coefficients a41 of the
action (24) to the specific value a41 ¼ 0. At linear level
(which is our main interest throughout), it turns out that one
can always do so without loss of generality by relaxing the
matter coupling assumption.
To show this, let us start with action (24) and elevate all
of the constants to generic functions of ϕ (retaining the
minimal coupling to matter, described by some generic
fields ΨA),
S ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃ−gp
2κ
½ðg40ðϕÞ þ g41ðϕÞXÞRþ g21ðϕÞX
þ g20ðϕÞ þ ξðϕÞG þ SM½gμν;ΨA: ð40Þ
We stress that the unknown functions of ϕ are assumed to
be such that linearizing this action around ϕ ¼ 0must yield
(24), with the identification of the constants (26). Consider
now a disformal transformation of the form
gμν → CðϕÞ½gμν þDðϕÞ∇μϕ∇νϕ: ð41Þ
This transformation leaves the Horndeski action (1) for-
mally invariant [63,64]. A transformation with D ¼ 0 is
called conformal, whereas for C ¼ 1 one has a purely
disformal transformation. Applying this transformation to
(40) and keeping only the terms which contribute to the
linear level in the equations yields
S ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃ−gp
2κ
½ðg¯40ðϕÞ þ g¯41ðϕÞXÞR
þ g¯21ðϕÞX þ g¯20ðϕÞ þ ξðϕÞG
þ SM½CðϕÞðgμν þDðϕÞ∇μϕ∇νϕÞ;ΨA; ð42Þ
where we made explicit the disformal coupling in the
matter sector, and the new functions are defined as follows,4
g¯20 ¼ C2g20; ð43Þ
g¯21 ¼ Cg21 − C2Dg20 − 3g40
C2ϕ
C
− 6g40ϕCϕ; ð44Þ
g¯40 ¼ Cg40; ð45Þ
g¯41 ¼ g41 − CDg40 − 4
Cϕ
C
ξð1Þ; ð46Þ
3Albeit it is usually studied in the Einstein frame, obtained by a
conformal transformation of the metric and suitably redefining
the scalar field.
4We derived independently the effect of the disformal trans-
formation (41) on the Horndeski Lagrangian (1). However, there
is a mismatch with the results of [63]. See Appendix B.
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whereas ξðϕÞ remains invariant. Here we are using again
the same convention that a subscript ϕ denotes a derivative
with respect to ϕ. Hence, the action (42) yields field
equations whose linear perturbation is formally invariant
under the transformation (41).
One notices that two out of the five functions g40, g41,
g21, C and D are redundant. That is, one can always
perform a disformal transformation and choose C and D in
order to redefine two of g40, g41, g21. For example, from
Eq. (46) one can set g¯41 ¼ 0, by choosing
D ¼ g41
Cg40
− 4
Cϕ
C2g40
ξð1Þ: ð47Þ
This choice fixes uniquely the disformal function D. This
implies that the condition g41 ¼ 0 imposed throughout the
previous section is equivalent to a specific type of disformal
coupling. In other words, though having a nonzero a41 does
lead to a new theory, this theory is simply one of the known
scalarization models, or a combination thereof, disformally
coupled to matter (see [65] for a discussion of DEF
spontaneous scalarization plus a disformal coupling).
For example, let us indeed impose Eq. (47) in order to set
g¯41 ¼ 0 and we further choose
CðϕÞ ¼ 1
g40ðϕÞ
; ð48Þ
and redefine the scalar field as
φ ¼ φðϕÞ; φ0ðϕÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
g¯21ðϕÞ
p
2
; ð49Þ
where g¯21ðϕÞ is defined in Eq. (44). With these choices,
action (42) takes the form
SE ¼
1
2κ
Z
d4x
ﬃﬃﬃﬃﬃﬃ
−g
p ½Rþ VðφÞ − 2∂μφ∂μφþ FðφÞG
þ SM½GðφÞðgμν þHðφÞ∇μφ∇νφÞ;ΨA; ð50Þ
where we defined the new functions
VðφÞ ¼ g¯20ðϕðφÞÞ; FðφÞ ¼ ξðϕðφÞÞ;
GðφÞ ¼ CðϕðφÞÞ; HðφÞ ¼ 4DðϕðφÞÞ
g¯21ðϕðφÞÞ
: ð51Þ
For ξðϕÞ ¼ 0, this action reduces to the spontaneous
scalarization model with disformal coupling studied for
the first time in [65].
IV. DISCUSSION
We have considered the Horndeski action and tried
to identify classes of theories within it that exhibit
spontaneous scalarizaton triggered by a tachyonic insta-
bility. We first determined the conditions that need to be
satisfied so that solutions of general relativity are admis-
sible. We probed whether or not there will be a tachyonic
instability by calculating the effective mass of scalar
perturbation on a fixed spacetime background that is a
solution of Einstein’s equations. Though this approxima-
tion neglects backreaction, we consider it adequate for
simply identifying scalarization models.
Our analysis allowed us to determine a minimal action
that contains all of the terms that contribute to the effective
mass at linearized level. This can be thought of as
containing four distinct terms that contribute to scalariza-
tion. Through suitable field redefinitions, one of them can
be directly linked to the known DEF model [13] and
another to the scalar-Gauss-Bonnet scalarization models
[9,24]. The third term can be thought of as a disformal
coupling to matter and relates to a model studied in
Ref. [65]. The fourth term comes from a potential for a
scalar and, although it cannot trigger spontaneous scalari-
zation on its own, it affects the onset of the tachyonic
instability in all other models.
One can start from our minimal action, supplement it
with terms that contribute only nonlinearly to the scalar
equation, and construct scalarization models. The onset of
the tachyonic instability that will kickstart scalarization will
be determined by the minimal action, while the end state
depends on the choice of the extra terms that contribute
nonlinearly. This is because scalarization is triggered by a
linear tachyonic instability and later quenched by nonlinear
effects. We leave the study of the strong field phenom-
enology of such models for future work.
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APPENDIX A: HORNDESKI EQUATIONS
OF MOTION
We give here explicit expressions for the terms in the field
equations presented in Sec. II. Throughout the Appendix we
use the notation ϕμ ≡∇μϕ and ϕμν ≡∇μ∇νϕ. The Giμν
functions appearing in the modified Einstein equations are
G2μν ¼ −
1
2
G2Xϕμϕν −
1
2
G2gμν; ðA1aÞ
G3μν ¼
1
2
G3X□ϕϕμϕν þ∇ðμG3ϕνÞ − 1
2
gμν∇λG3ϕλ; ðA1bÞ
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G4μν ¼ G4Gμν −
1
2
G4XRϕμϕν −
1
2
G4XX½ð□ϕÞ2 − ðϕαβÞ2ϕμϕν −G4X□ϕϕμν
þ G4Xϕμλϕλν þ 2∇λG4XϕλðμϕνÞ −∇λG4Xϕλϕμν þ gμνðG4ϕ□ϕ − 2XG4ϕϕÞ
þ gμνf−2G4ϕXϕαβϕαϕβ þ G4XXϕαλϕλβϕαϕβ þ
1
2
G4X½ð□ϕÞ2 − ðϕαβÞ2g
þ 2½G4XRλðμϕνÞϕλ −∇ðμG4XϕνÞ□ϕ − gμν½G4XRαβϕαϕβ −∇λG4Xϕλ□ϕ
þ G4XRμανβϕαϕβ −G4ϕϕμν −G4ϕϕϕμϕν þ 2G4ϕXϕλϕλðμϕνÞ −G4XXϕαϕαμϕβϕβν; ðA1cÞ
G5μν ¼ G5XRαβϕαϕβðμϕνÞ − G5XRαðμϕνÞϕα□ϕ −
1
2
G5XRαβϕαϕβϕμν −
1
2
G5XRμανβϕαϕβ□ϕ
þG5XRαλβðμϕνÞϕλϕαβ þ G5XRαλβðμϕλνÞϕαϕβ −
1
2
f∇ðμ½G5XϕαϕανÞ −∇ðμ½G5XϕνÞg□ϕ
−∇λ½G5ϕϕðμϕλνÞ þ
1
2
½∇λðG5ϕϕλÞ −∇αðG5XϕβÞϕαβϕμν þ∇αG5ϕβRαðμνÞβ −∇ðμG5GνÞλϕλ
þ 1
2
∇ðμG5XϕνÞ½ð□ϕÞ2 − ðϕαβÞ2 −∇λG5RλðμϕνÞ þ∇α½G5XϕβϕαðμϕβνÞ −
1
2
G5XGαβϕαβϕμϕν
−∇βG5X½□ϕϕβðμ − ϕαβϕαðμϕνÞ þ 1
2
ϕα∇αG5X½□ϕϕμν − ϕβμϕβν − 1
2
G5X□ϕϕαμϕαν
þ 1
2
G5Xð□ϕÞ2ϕμν þ
1
12
G5XX½ð□ϕÞ3 − 3□ϕðϕαβÞ2 þ 2ðϕαβÞ3ϕμϕν þ
1
2
∇λG5Gμνϕλ
þ gμν

−
1
6
G5X½ð□ϕÞ3 − 3□ϕðϕαβÞ2 þ 2ðϕαβÞ3 þ∇αG5Rαβϕβ − 1
2
∇αðG5ϕϕαÞ□ϕ
þ 1
2
∇αðG5ϕϕβÞϕαβ − 1
2
∇αG5X∇αX□ϕþ 1
2
∇αG5X∇βXϕαβ − 1
4
∇λG5Xϕλ½ð□ϕÞ2 − ðϕαβÞ2
þ 1
2
G5XRαβϕαϕβ□ϕ −
1
2
G5XRαλβρϕαβϕλϕρ
	
: ðA1dÞ
The function Piϕ and J
i
μ appearing in the scalar field
equations are
P2ϕ ¼ G2ϕ; ðA2Þ
P3ϕ ¼ ∇μG3ϕϕμ; ðA3Þ
P4ϕ ¼ G4ϕRþ G4ϕX½ð□ϕÞ2 − ðϕαβÞ2; ðA4Þ
P5ϕ ¼ −∇μG5ϕGμνϕν
−
1
6
G5ϕX½ð□ϕÞ3 − 3□ϕðϕαβÞ2 þ 2ðϕαβÞ3; ðA5Þ
J2μ ¼ − L2Xϕμ; ðA6Þ
J3μ ¼ − L3Xϕμ þ G3X∇μX þ 2G3ϕϕμ; ðA7Þ
J4μ ¼ − L4Xϕμ þ 2G4XRμνϕν − 2G4XXð□ϕ∇μX −∇νXϕμνÞ
− 2G4ϕXð□ϕϕμ þ∇μXÞ; ðA8Þ
J5μ ¼ − L5Xϕμ − 2G5ϕGμνϕν
−G5X½Gμν∇νX þ Rμν□ϕϕν − Rνλϕνϕλμ − Rαμβνϕνϕαβ
þ G5XX

1
2
∇μX½ð□ϕÞ2 − ðϕαβÞ2 −∇νXð□ϕϕμν − ϕαμϕανÞ
	
þ G5ϕX

1
2
ϕμ½ð□ϕÞ2 − ðϕαβÞ2 þ□ϕ∇μX −∇νXϕμν
	
: ðA9Þ
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The explicit expression for the scalar field equation is
−G2ϕ − G2X□ϕ −G2ϕXϕμϕμ þ G2XXϕμϕνϕμν þ 2G3ϕ□ϕ
þ G3X½ð□ϕÞ2 − Rμνϕμϕν − ðϕμνÞ2 þ G3ϕϕϕμϕμ þ G3ϕXϕμðϕμ□ϕ − 2ϕνϕμνÞ
þ G3XXϕμϕνðϕλμϕλν − ϕμν□ϕÞ −G4ϕRþ G4XGμνϕμν
þ G4ϕX½4Rμνϕμϕν − Rϕμϕμ − 3ð□ϕÞ2 þ 3ðϕμνÞ2 þG4XXf□ϕ½3ðϕλσÞ2 − ð□ϕÞ2
− 2ðϕμνÞ3 þ ϕμϕνðRϕμν − 4Rμλϕλν þ 2Rμν□ϕ − 2RμλνσϕλσÞg
þ 2G4ϕϕXϕμðϕνϕμν − ϕμ□ϕÞ þ G4ϕXXϕμf4ϕνðϕμν□ϕ − ϕλνϕλμÞ
− ϕμ½ð□ϕÞ2 − ðϕλσÞ2g þG4XXXϕμϕνf2ϕλμðϕλσϕνσ − ϕλν□ϕÞ
þ ϕμν½ð□ϕÞ2 − ðϕλσÞ2g − 2G5ϕGμνϕμν þ
1
2
G5X½Rð□ϕÞ2 þ 2RμλRνλϕμϕν
− RμνRϕμϕν þ 2RλσRμλνσϕμϕν − RμλσρRνλσρϕμϕν − RðϕμνÞ2 − 4Rμνϕμν□ϕ
þ 4Rμνϕλνϕλμ þ 2Rμλνσϕμνϕσλ −G5ϕϕGμνϕμϕν þ G5ϕXfϕμϕν½4Rμλϕλν − 2Rμν□ϕ
− Rϕμν þ 2Rμλνσϕλσ þ
2
3
½2ðϕμνÞ3 þ□ϕðð□ϕÞ2 − 3ðϕμνÞ2Þ − Gμνϕμνϕλϕλg
þ 1
6
G5XXf3ϕμνϕλσðϕμνϕλσ − 2ϕλμϕσνÞ þ□ϕ½8ðϕμνÞ3
þ□ϕðð□ϕÞ2 − 6ðϕμνÞ2Þ − 3ϕμϕν½2Rλσϕλμϕσν − 2Gλσϕλσϕμν þ Rμνð□ϕÞ2
− ϕλνðRϕλμ þ 4Rλμ□ϕÞ þ 4Rμλϕλσϕσν − RμνðϕσλÞ2 þ 2Rμσνρϕσλϕρλ − 2Rμσνρϕρσ□ϕ
þ 4Rνσλρϕλμϕρσg þ
1
2
G5ϕϕXϕμf2ϕνðϕλνϕλμ − ϕμν□ϕÞ þ ϕμ½ð□ϕÞ2 − ðϕλσÞ2g
þ 1
6
G5ϕXXϕμfϕμ½2ðϕλνÞ3 þ□ϕðð□ϕÞ2 − 3ðϕλσÞ2Þ þ 6ϕν½2ϕλμðϕλν□ϕ − ϕλσϕσνÞ
− ϕμνðð□ϕÞ2 − ðϕλσÞ2Þg −
1
6
G5XXXϕμϕνfϕμν½2ðϕλσÞ3 þ□ϕðð□ϕÞ2 − 3ðϕλσÞ2Þ
þ 3ϕλμ½2ϕσνðϕλσ□ϕ − ϕρσϕλρÞ − ϕλνðð□ϕÞ2 − ðϕρσÞ2Þg ¼ 0: ðA10Þ
APPENDIX B: DISFORMAL INVARIANCE OF
THE HORNDESKI LAGRANGIAN
The Horndeski Lagrangian (1) is formally invariant
under the transformation (41) [63]. We derived independ-
ently these transformations and we found a mismatch with
the results in [63] which cannot be explained with
differences in notation. Formal invariance means that the
Lagrangian maintains the same structure, upon redefinition
of the free functions Giðϕ; XÞ. For completeness, we report
these transformations. Written with respect to the metric
g¯μν, the Lagrangian reads
S¯ ¼ 1
2κ
X5
i¼2
Z
d4x
ﬃﬃﬃﬃﬃﬃ
−g¯
p
L¯i; ðB1Þ
where we have defined
L¯2 ¼ G¯2ðϕ; X¯Þ; ðB2Þ
L¯3 ¼ − G¯3ðϕ; X¯Þ□¯ϕ; ðB3Þ
L¯4 ¼ G¯4ðϕ; X¯ÞR¯þ G¯4X¯½ð□¯ϕÞ2 − ð∇¯μ∇¯νϕÞ2; ðB4Þ
L¯5 ¼ G¯5ðϕ; X¯ÞG¯μν∇¯μ∇¯νϕ
−
G¯5X¯
6
½ð□¯ϕÞ3 − 3□ϕð∇¯μ∇¯νϕÞ2 þ 2ð∇¯μ∇¯νϕÞ3;
ðB5Þ
where the barred quantities are evaluated with the metric
g¯μν. We can now define a new metric gμν which is related to
g¯μν through a disformal transformation
g¯μν ≡ CðϕÞ½gμν þDðϕÞ∇μϕ∇νϕ: ðB6Þ
As anticipated, under this transformation, Lagrangian (B1)
becomes Lagrangian (1), defined as in Eqs. (2)–(5). We can
map the functions Giðϕ; XÞ in term of the barred functions
G¯iðϕ; X¯Þ,
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G2ðϕ;XÞ ¼ C2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1− 2DX
p
G¯2ðϕ; X¯Þ þ
2XG¯3ðϕ; X¯Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1− 2DX
p

C0 þ CD
0X
1− 2DX

þ 2XI3ϕ
þ 3XG¯4ðϕ; X¯Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1− 2DX
p

−
C02
C
þ 2C00 þ 2XC
0D0
1− 2DX

− 4X

G¯4ðϕ; X¯Þ

1þ 2D2X2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1− 2DX
p C0 −CD0X
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1− 2DX
p 
ϕ
þ 12X
3C0D0G¯4X¯ðϕ; X¯Þ
Cð1− 2DXÞ5=2 þ 2XI4ϕ þ
3X2C0G¯5ðϕ; X¯Þ
C2ð1− 2DXÞ3=2

−
2C02
C
þ 2C00 þ 3XC
0D0
1− 2DX

þ 2X
3C02G¯5X¯ðϕ; X¯Þ
C3ð1− 2DXÞ5=2

−
C0
C
þ 3XD
0
1− 2DX

− 2X

XG¯5ðϕ; X¯Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1− 2DX
p
ð1þDXÞC02
ð1− 2DXÞC2 þ
C0D0X
C
−
2D02X2
1− 2DX

ϕ
þ 2XI5ϕ;
ðB7aÞ
G3ðϕ; XÞ ¼
CG¯3ðϕ; X¯Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − 2DX
p þ I3 −
G¯4ðϕ; X¯Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − 2DX
p ½4CD0Xð1 − 2DXÞ − C0ð5 − 4DX þ 4D2X2Þ
þ 2XG¯4X¯ð1 − 2DXÞ3=2

ð1þ 2DXÞC
0
C
þ 2D0X

þ 4CDXG¯4ϕðϕ; X¯Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − 2DX
p þ I4
−
XG¯5ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − 2DX
p

−
C02
2C2
þ XC
0D0
C
−
4X2D02ð2 −DXÞ
ð1 − 2DXÞ2 −
2XD00
1 − 2DX

−
X2G¯5X¯
ð1 − 2DXÞ5=2

−
C02
C2
þ 2XC
0D0
C
−
4X2D02
1 − 2DX

−
2XG¯5ϕ
ð1 − 2DXÞ3=2

C0
C
− XD0

þ I5 þ 2XK5ϕϕ; ðB7bÞ
G4ðϕ; XÞ ¼ C
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − 2DX
p
G¯4ðϕ; X¯Þ þ
D0X2G¯5ðϕ; X¯Þ
ð1 − 2DXÞ3=2 þ XK5ϕ; ðB7cÞ
G5ðϕ; XÞ ¼
G¯5ðϕ; X¯Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − 2DX
p þ K5; ðB7dÞ
where a prime or a subscript ϕ denotes a derivative with respect to ϕ, a subscript X¯ denotes a derivative with respect to X¯,
defined as
X¯ ¼ − 1
2
g¯μν∂μϕ∂νϕ ¼ XCð1 − 2DXÞ ; ðB8Þ
and
I3 ¼ −CD
Z
dX
G¯3ðϕ; X¯Þ
ð1 − 2DXÞ3=2 ; I4 ¼ −
Z
dX

3G¯4ðϕ; X¯Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − 2DX
p
ðCDÞ0 þ 2G¯4ϕðϕ; X¯Þ
CDﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 − 2DX
p

; ðB9Þ
I5 ¼ −
Z
dX

G¯5ðϕ; X¯Þ
ð1 − 2DXÞ3=2
ð1 −DXÞC02
2C2
−
ð2 − 3DXÞC0D0X
C
þ 3D02X2 −D00X

þ C
0 − CD0X
Cð1 − 2DXÞ3=2 G¯5X¯ðϕ; X¯Þ − K5ϕϕ
	
; ðB10Þ
K5 ¼ −D
Z
dX
G¯5ðϕ; X¯Þ
ð1 − 2DXÞ3=2 : ðB11Þ
Our results of Eqs. (B7a) and (B7b) do not coincide with those of Eqs. (C7) and (C8) of Appendix C of [63].
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